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Reminder |

x-Minkowski spacetime

coordinate algebra generated by &#, u =0,...n and

[##, 2] = iCi’”i‘?‘lj CLY = a(mh s — 15’y

[&", &%) = 4ad? , [2°,87] =0,

{.j=01,....n—1, a”=ua, a’ =0

symmetry generators

[M?:J'jj‘;ﬂ] O i ﬁuij:j
(M, 3] = g3t — piE" + ia M

Leibniz rules for the symmerty generators

"-+=~..

MY (f-g)=(M7f)-g+f-(M7g),
‘Mrm(f _ f}) _ (Mf-mf) g+ {Emﬂnf) _ [:Miﬂﬁ.)
+if1{3kf) ~ (fvfikﬁ)

(1)

(3)

IM* MP°] = gt° MYP + P MP7 — P M¥° — n"? MH? (4)
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derivatives

0, ""']~§"‘+ZA”‘“‘ ) T

)

[0,:,0,] =

additional requirement

[‘i:lﬂ? E’J]

-

D, &

[D;, &7
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[M”U'. f),ﬂ] = nvpﬁ” e ﬁ”p§H

= —ial,

= \/1+a2D1D,,

= 7,7 (—iaf)ﬂ + \/1 + fﬁﬁ“f}“) ,

J=0

(5)
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x-product

frg(@) = f@)g(@) + 504 @uD)0vg) + .. (O

representation of the derivatives on commutative spacetime

i s cos(adn) =1, .
D fix) = (E sin(ady,) — 052 0;0) f(x),
Dif) = T =14 4a) (10)
! —iad,
Leibniz rules

D;,(f(z) * g(x)) = (D; f(x)) * (e7"*g(x))
+(e f(z)) * (Drg(z))
—ia (Dje'*" f(x)) x (D?"g(z)),
D;(f(z)xg(x)) = (Dif(z))*(e """ g(z)) (11)
+f(z) x (Dig(z))
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Fields

¢'(#) = (14 e M*)¢'(2)
because #HE" # (1 + €, MH*)iH Y

scalar field

(1+ € M*)' (%) = () (12)

vector field

Ea -~

(1+€u M)V, (%) = V(&) +epu (0", V(@) -1, V" (£)) (13)

0
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Reminder ||

Classical (commutative) gauge theory

Gauge group, generators T, [T® T?| = i f2T*
¢V (x) matter fields, d,¢"(z) = 1a(z)y(x)
a(x) = a®(x)T*, Lie algebra-valued gauge parameter

("5(15_5 i 5,55{1}%&0(3:) e g—i[&ﬁ]iff}n(m)

0a(0,9°(x)) = Bu(ia(2)y’(z)) # ia(z)0,y°(z)
Covariant derivative D,v°(z) = (8, — iA4%(z))4°(x)
such that 6,(D,¥°(z)) = i ()P, (z)
Al (z) = A} ()T, Lie algebra-valued gauge field

0o A, = O — i[A}, 0

Field strenght F), = 0, A} — 0, A}, — i[Agj A =3[0, Dy

v

and 4, F"

[Ty

= i[a, FO.]

L

S = Smatter A g Sgauge

Sgauge — _}]:TT j' dnq’(FD Fﬂ,f-l'ei-"}= Smatter e mattEr(I)pwﬂa T}'-I:JEIJ

M
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1. Noncommutative gauge theory

x-product formalisam

P (z) — ¥(z) noncommutative field

a(r) = Aq(x) noncommutative gauge parameter

Sat?(z) = ia(z)V0(z) = Jatb = iy * U(z)
Dpy°(z) = Duip(z) = Djp(x) — iV * ¥(x)

such that d,(D ¥ (z)) = iAq * Duy(x)

V,.(x) noncommutative gauge field

consistency check

(0adg — 5-35&)15‘( )= (Aa*xNg—AgxAy)*x ¢
= —W * AT, T°} + {ff‘ * AR}HT®, T (14)

if i"'ifx _ ﬁuTFL then {14] 7"&- 5_1 &rl!ﬂﬁ]‘i_ﬂ?(f{:)
Two ways out
1) only U(N) gauge theory alowed

2) enveloping algebra approach
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2. Enveloping algebra approach

Basis in the enveloping algebra

I =
: TrLTfJ . %(THT!J B TbTa),
T TH . = ;_T IV G i)
" oES;

A, (x) enveloping algebra-valued

-
ZZ ay. u.{ Tu,] TH,;.

I=1 basis

= ix] (T sas T E) TR

covariant derivative

D, = D% — iV,
V., = ZZ e I Faal RN et
[=1 basis

gauge field V,(x) also envelpoing algebra-valued

consistency condition (14) coloses but (apparently) infinitely
many degrees of freedom

=]
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3. Seiberg-Witten map

solution in terms of Seiberg-Witten map
(degrees of freedom)omm g = (degrees of freedom),gocomm.g.eh

express noncommutative gauge parameter (fields) in terms

of commutative parameter and fields, A, = Ay (750, 4))

then (14) becomes
(ﬂf.‘t*ﬁﬁ_ﬁﬁ*ﬂﬂ)*ﬂr’._{_i(émﬁﬁ_éﬁﬁn)*w = 5—1'[1:11;3]"'1'55 (15]
Ao =a+aAl +...+a A% +

Sal\s — pAq — ila, AB] = i[AL, B] — ALy g

= ——L’}‘C“’U{B o, iy

A =a-— —TAC””{A” d,a} (16)

solution (16) not unique up to the solutions of the
homogeneous equation

freedom in Seiberg-Witten map. . .
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matter fields

use 6,1 = iAo %1, (16) and expansion ¥ = ¥ +arp + . ..

1 3 i s |
% =40 — 22 CR7ASBN° + éﬁc;j A9, A%y°  (17)

gauge fields
Dy =D — iV, * ¢

different basis of derivatives in xk-Minkowski spacetime =
different choices of covariant derivatives

prefered D7, since [M*” D7| = ny D* — i D™
and D, = D}, — iV}, is k-Lorentz covariant

standard way to proceed

0a (D) = tAa * Dy

(0aVy) %% = Di(Aa % ¥) — Mg * (D) + i[Aa s Vi) x ¥
£ (DXAg) * % +i[Aa T V] %9

nontrivial Leibniz rules for D}, derivatives
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1. p=3

(0aV;) x4y = D3 (A, *1,{11— Ao * (D) +i[Aa s Vi) * ¢

o

Thgt

* —ia0n * |
= (D}Aa) * €% + i[Ag ¥ V] % ¢

derivative-valued gauge fields;

ansatz: V;x ¢ = A; % (e~*29nq)) or Vix = A, % e—iadn

daAj = (DjAo) + ihax Aj —id; x (e7"%A,)  (18)

used e~ (f x g) = (e f) » (ﬁ_i”’ﬂ”g} and omitted e "%y

use (18), (16) and expansion A; = AY + aAl + ...

. 1a a
V; = A} — ia A9, — Eaﬂﬂf:} - E{Aﬂz A%}

1 v
O ({FD,, A% - {40,0,4%) (19
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Z =

d,‘ﬂvﬂ *u'/, S (D;ﬁﬂ) *E—mﬁﬂw e ((Eiﬂﬂn s l)ﬁ&) *D;ff
—ia(D}e™ %" Ay) * D*I + i[Aq % Vo] % ¥

ansatz: Vpxthp = Vypix(e 1 99q)) 4+ Viyox (DE)) + V,iax (D))

5&"';11 = s
oVaz = ... (20)
C?&VHS e

use (20), (16) and expansion in terms of a
. - 1a .0 _
Vp, = AY —ia A0, — Eajf:lﬂj‘ . EA?AGJ

1 A TR 0 0
+1$ C,f ({FHH,AE} . {Aﬂ,zalf"q‘ﬂ}) (21)
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field strength

Fﬁy — Fop = i[D, 1 D,

V, derivative-valued = F,,, F,., « F"" devivative-valued
= S, derivative-valued?!

" gravity-like" solution

Fos i B TP D

L

+ TP -ﬂpl.xpszr... (22)

Jils

F,,. curvature-like term, to be used in the action

T7,, ... torsion-like terms, to be ignored in the action

Finally,
ﬁ = ‘Cmatter o Egaugu

Longe = ¢ Tt (F* % Fpp) and Lospw = ¥ * (i7*D,, — m) 9

1 0
" g ey
"L'E‘.JHE;'F'-‘ - = ETI FFLL-'F

1

- ~a“CL°Tr r (DpF*DIF), + %{A (8s + D2)(FO F2)} (23)

o= e L

i ia b ': 1
e {Fuj v {‘F“p1 F:.-']J:I'}}) = g ?Tl' (E.Er.{FﬂﬁFFFIJ {II]{}F{}FLJ F

T .1 —— i 0 0
Lmatter = %7 (t’r“'ﬂﬂ — m)w + Exﬂﬂ’fj”ﬂgwﬂ IDL (1.-“:.-"""1-.-'# = m) ” (24)

1 T s
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4. Integral and the Action

/ . A — C, such that

f[clf + cog) = clff + cg/g, linearity

/f * g = /g*f,_ cyclicity (trace property)

required by gauge invariance of the S,,..; can be used to
formulate variational principle

1st possibility: measure funcition
[ dtu@) (f@) *9(@) = [ @ u@) (9(a) * £(2)

Onpt(x) = 0, ! d;u(x) = —np(z)

problems: solution is not unique, nonvanishing a — 0 limit,
explicit breaking of the xk-Poincaré symmetry

2nd possibility: quantum trace
variational principle, integral x-Poincaré invanant

problem: does not lead to the cyclic integral = no gauge
invarant action

3rd possibility: 777
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Summary and Outlook

e it is possible to construct gauge theories on k-Minkowski
spacetime

e gauge fields are enveloping algeba-valued, SW map has to
be used to reduce degrees of freedom to classical ones

gauge fields are derivative-valued, consequence of nontrivial
Leibnic rules for k-derivatives, " gravity-like" approach used

e an action invariant under x-Poincaré and gauge symmetry
open problem

e work on quantisation, deformed coservation laws,. . .
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